ABSTRACT A formal algebra is essential for applying standard database-style query optimization to XML queries. We develop such algebra for manipulating fuzzy spatiotemporal XML data. We also introduce several formal characterizations of fuzzy spatiotemporal algebraic equivalences and study how XQuery expressions can be transformed into algebraic expressions. It shows that the algebra can lay a firm foundation for managing fuzzy spatiotemporal XML data.
I. INTRODUCTION
The majority of spatiotemporal applications [1] , [2] require efficiently managing (fuzzy) spatiotemporal data both from academia and industry [3] - [6] . The flexibility of a semistructured fuzzy spatiotemporal data model [7] , coming from general data model in XML [8] , [9] , spatiotemporal data model in XML [10] , and fuzzy data model in XML [11] , is the core of managing fuzzy spatiotemporal data. On the other hand, since XML suggests itself as medium for integrating and exchanging data from different sources, it becomes a natural model choice. Since fuzzy theory [3] , [12] and fuzzy mathematical programs [13] have been proposed, studies on fuzzy spatiotemporal data have only recently started and still merit further attention.
As evidenced by the successful relational technology [14] , a formal algebra is absolutely essential for applying standard database-style query optimization to XML queries. Due to its significance, researches on this issue have been extensively proposed [15] - [18] . However, they do not provide a formal algebra that can support the fuzzy spatiotemporal XML queries, although their efforts deal with one of the aspects of fuzzy spatiotemporal elements. As a result, we need a valid formal algebra for the XML queries that can serve as a well understood and order-sensitive intermediate representation.
Accordingly, the motivation of the paper is trying to develop algebra for manipulating fuzzy spatiotemporal XML data. The paper makes the following main contributions:
• We present a general algebraic framework for supporting fuzzy spatiotemporal XML queries, containing set operations and other useful operations.
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• Several formal characterizations of the fuzzy spatiotemporal algebraic equivalences are investigated, which lay a firm foundation for optimizing fuzzy spatiotemporal queries in XML.
• We study how XQuery expressions can be transformed into algebraic expressions by using algebra to capture fuzzy spatiotemporal queries expressed in XQuery.
The rest of the paper is organized as follows. Section II presents the related work. Representation of fuzzy spatiotemporal data in XML is introduced in Section III. After investigating several algebraic operations to apply fuzzy spatiotemporal XML queries in Section IV, we study algebraic equivalences in Section V. In Section VI, we present how XQuery expressions can be transformed into algebraic expressions. Experiments are evaluated in Section VII. Section VIII gives a comparative study and Section IX concludes the paper.
II. RELATED WORK
Concerning on spatiotemporal data in XML, there are efforts to combine spatial and temporal properties into one framework, and analyze spatiotemporal data in XML. Huang et al. [10] propose an approach to represent and query spatiotemporal data in XML. Liu and Wan [19] propose a feature-based spatiotemporal data model and use the Native XML Database to store the spatiotemporal data. The work of Franceschet et al. [20] describe a translation algorithm that maps spatiotemporal conceptual schemas into XML schemas, and propose a framework that allows one to validate XML documents containing spatiotemporal information with respect to spatiotemporal conceptual schemas. Furthermore, concerning on fuzzy spatiotemporal data in XML, Bai et al. [21] propose a fuzzy spatiotemporal XML data model, but not support algebraic operations.
The algebraic approaches have been proven to be an effective way for queries in XML database systems [22] . With the emergence of XQuery designed by the W3C as a standard query language for XML, efforts are made to apply algebra to XML queries [16] , [23] - [25] . Fernandez et al. [24] propose an algebra for XML query using regular-expression types, which has been submitted to the W3C XML Query Working Group. Buratti and Montesi [16] propose a novel algebra for XML based on a simple data model in which trees and forests are the counterpart of the relational tuples and relations. The work of Che and Sojitrawala [23] presents a new algebra called DUMAX designed for XML and XML queries, which is introduced to help fuse node-based features and tree-based features (both are essential for XML) and to achieve accelerated execution of XML queries in large XML databases. Wang et al. [25] present a general approach for supporting order-sensitive XQuery-to-SQL translation that works irrespective of the chosen XML-to-relational data mapping and the selected order-encoding method. Unfortunately, the proposed algebraic approaches do not support (fuzzy) spatiotemporal data, although there are other XML algebraic approaches, such as probabilistic XML algebra [26] and fuzzy XML algebra [8] . Nevertheless, although the above researches do not straight forwardly deal with fuzzy spatiotemporal data in XML, their efforts play a fundamental role in algebraic operations on fuzzy spatiotemporal data in XML.
III. REPRESENTATION OF FUZZY SPATIOTEMPORAL DATA IN XML
The basic data structure of fuzzy spatiotemporal XML is the data tree. In order to manage fuzzy spatiotemporal XML data, fuzzy spatiotemporal XML data tree should be employed. We start by introducing some simple concepts [21] .
Definition 1: Let V be a finite set of vertices, E ∈ V × V be a set of edges, and : E → be a mapping from edges to a set of strings called labels. The triple G = (V , E, ) is an edge-labeled directed data tree.
Definition 1 is defined for edge-labeled directed data tree, and inspired by the tree patterns of XML but ignores a number of XML features such as data types, ordering, and the distinction between elements and attributes. Because ordering is one of the most import elements for managing fuzzy spatiotemporal XML data, partial order is introduced to describe the ordering in XML.
Definition 2: A relation R is a partial order (denoted as ''≤'') on a set S if it has the following properties:
• Reflexivity: ∀α ∈ S, (α, α) ∈ R.
• Antisymmetry: if (α, β) ∈ R and (β, α) ∈ R, then α = β.
• Transitivity: if (α, β) ∈ R and (β, γ ) ∈ R, then (α, γ ) ∈ R. On the basis of the definitions above, we turn to develop the fuzzy spatiotemporal XML data model. After defining fuzzy spatiotemporal XML data and fuzzy spatiotemporal XML data tree, correspondences between them are investigated. In addition, structure of the fuzzy spatiotemporal XML data model is formally defined. According to the nature of spatiotemporal data, we firstly give the definition of fuzzy spatiotemporal XML data as followings.
Definition 3: (Fuzzy spatiotemporal XML data). Fuzzy spatiotemporal data FSP is a 5-tuple, FSP = (OID, ATTR, FP, FM, FT), where
• OID is the changing history of the spatiotemporal data.
• ATTR is fuzzy attributes of spatiotemporal data.
• FP is fuzzy position of spatiotemporal data.
• FM is fuzzy motion of spatiotemporal data.
• FT is fuzzy time of spatiotemporal data. Since XML data are structured, XML can represent fuzzy information naturally. In the case of XML document, we may have membership degrees associated with elements and possibility distributions associated with attribute values of elements. In succession, we investigate how to represent fuzzy XML spatiotemporal data in the XML document modified and extended by [8] .
Definition 4 (Fuzzy Spatiotemporal XML Data Tree): For the fuzzy XML spatiotemporal document, we have F = (V , ψ, T , , ℘, τ , ξ , δ, π), including:
• is the nesting depth of V in the spatiotemporal data tree of the document. The of root node is 1, and the of each following level adds 1.
• ℘ preserves the order information in the fuzzy spatiotemporal XML data tree. It can be generated by counting word numbers from root of the fuzzy data tree until the start and end of the element, respectively. Here, we use preorder traversal.
• τ is a set of labels.
• For the node v ∈ V and the label ∇ ∈ τ, ξ (v, ∇) specifies v exists with label ∇.
• δ ∈ τ is a mapping from the element node v ∈ V to membership degree functions. It defines the possibility of the element node exists.
• π ∈ τ is a mapping from the attribute node v ∈ V to possibility distribution functions. It defines the possibility of the attribute node exists. Definition 5: Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π ) and f = (V , ψ , T , , ℘ , τ , ξ , δ , π ) are two fuzzy spatiotemporal XML data trees. f is a subtree of F, written f ∝ F, when
• ℘ , ξ and τ indicate the restriction of ℘, ξ and τ to the nodes in V , respectively.
• δ ⊆ δ and π ⊆ π . According to the above definitions, a fuzzy spatiotemporal XML data tree can be composed of multiple fuzzy spatiotemporal XML data subtrees, and multiple fuzzy spatiotemporal XML data trees can comprise a fuzzy spatiotemporal XML data forest.
Theorem 1: Given any set of fuzzy spatiotemporal XML data trees F = {f 1 , f 2 , . . . , f n }, there exists a corresponding fuzzy spatiotemporal XML data forest matching with F.
Theorem 2: λ is a fuzzy partial order relationship on a fuzzy spatiotemporal XML data tree F, there exists a fuzzy transitivity relationship λ that satisfies
• λ is a partial order relationship stems from λ, which keeps the reflexivity and antisymmetry of λ.
Proof: Firstly, we construct η = {ϑ |λ ⊆ ϑ}. It is obvious that (η, ⊆) is a partial order. Assuming ϑ = ∪ i∈I ϑ i , and {ϑ i } i∈I ⊆ η are an ordering subtrees of F. For ∀i ∈ I , there is λ ⊆ ϑ i . According to the definition of partial order,
Thus ϑ has reflexivity. Secondly, for every ϑ i ⊆ ϑ j , where i, j∈ I , ∀x, y ∈ F, F has antisymmetry, denoted as . Then we have
Thus ϑ(x, y) ϑ(y, x) = 0, ϑ has antisymmetry .
Finally, we turn to the proof of transitivity. for every
Accordingly, there exists maximal element λ in η that satisfies λ∈ λ λ is a partial order relationship that stems from λ, keeping the reflexivity and antisymmetry of λ.
As XML document is a labeled ordered rooted tree, we regard a fuzzy spatiotemporal data as a structured tree for metadata. As a result, operations between fuzzy spatiotemporal data are actually operations between trees. Consequently, fuzzy spatiotemporal XML data trees should be considered as isomorphic.
Definition 6: Let fuzzy spatiotemporal XML data trees
• There is a one-to-one mapping, ξ : ξ 1 → ξ 2 , which makes ∀ ξ (ξ 1 ) = ξ 2 . Theorem 3: Fuzzy data tree F and its subtree f are isomorphic.
The proof of this theorem follows the analysis of fuzzy spatiotemporal XML data tree and the corresponding definitions. It is quite straightforward.
IV. ALGEBRAIC OPERATORS
This section presents issues on how to formally design fuzzy spatiotemporal XML algebra. All operators take collections of fuzzy spatiotemporal XML data trees as input and produce a collection of fuzzy spatiotemporal XML data trees as output.
A. SET OPERATIONS
In this subsection, we will provide four standard fuzzy set operations on fuzzy spatiotemporal XML data, which are fuzzy union (∪), fuzzy intersection (∩), fuzzy difference (−), and Cartesian product (∞).ω(a) and ϕ(a) are used to represent the pattern and instance on a (where a is an algebraic expression).
Definition 7 (Fuzzy Union):
are fuzzy spatiotemporal XML data trees. When f i and f j are isomorphic, the fuzzy union (∪) can be defined as follows: Fig. 1 shows a fuzzy union operation on two fuzzy spatiotemporal XML data trees A and B, where T s and T e represent the starting and ending time points, respectively. According to Definition 7, the fuzzy spatiotemporal XML data trees A and B are isomorphic. On the basis of fuzzy set theory, we have δ r = Max(δ i , δ j ). Here, δ i and δ j are membership degrees of A and B; δ r is the membership degree of fuzzy union result; Max (δ i , δ j ) returns the maximize value of δ i and δ j . By default, δ r = 1. In Fig. 1 
are fuzzy spatiotemporal XML data trees. When f i and f j are isomorphic, the fuzzy intersection (∩) can be defined as follows:
• ϕ(f i ∩ f j ) ∈ {e|e ∈ ϕ(f i ) and e ∈ ϕ(f j )}. Fig. 2 represents a fuzzy intersection operation on two fuzzy spatiotemporal XML data trees A and B based on the membership degrees and possibility distribution. According to fuzzy set theory, we have δ r = Min(δ i , δ j ). Here, δ i and δ j are membership degrees of A and B; δ r is the membership degree of fuzzy intersection result; Min (δ i , δ j ) returns the minimize value of δ i and δ j . The fuzzy spatiotemporal object does not exist and can be omitted if δ r = 0. In Fig. 2 
are fuzzy spatiotemporal XML data trees. When f i and f j are isomorphic, the fuzzy difference (−) can be defined as follows:
• ϕ(f i − f j ) ∈ {e|e ∈ ϕ(f i ) and e / ∈ ϕ(f j )}. Fig. 3 shows a fuzzy difference operation on fuzzy spatiotemporal XML data trees A and B based on the membership degrees and possibility distribution. According to fuzzy set theory, we have δ r = Min(δ i , δ j ), where δ j = 1 − δ j . Here, δ i and δ j are membership degrees of A and B; δ j is the complement of δ j ; δ r is the membership degree of fuzzy difference result. In Fig. 3 
are fuzzy spatiotemporal XML data trees. When f i and f j are isomorphic, the Cartesian product (∞) can be defined as follows:
The Cartesian product operation takes two fuzzy spatiotemporal trees f i and f j as input and produces output fuzzy spatiotemporal trees corresponding to the ''Bjuxtaposition'' of every pair of trees from f i to f j . According to fuzzy set theory, we have δr = Min(δ i , δ j ). Here, δ i and δ j are membership degrees of A and B; δ r is the membership degree of Cartesian product result.
Theorem 4:
are fuzzy spatiotemporal XML data trees, then we have:
• f i ∪ f j are fuzzy spatiotemporal XML data trees.
• f i ∩ f j are fuzzy spatiotemporal XML data trees.
• f i − f j are fuzzy spatiotemporal XML data trees.
• f i ∞f j are fuzzy spatiotemporal XML data trees. VOLUME 7, 2019 Definition 11:
there exists a rule : T → T to meet that F comes from f 1 , f 2 , . . . , f i on the basis of Theorem 4.
B. OTHER USEFUL OPERATIONS
The fuzzy selection (F-Selection) operator σ filters the fuzzy spatiotemporal data trees using a special predicate that can be any combination of logical operators and simple qualifications. It accepts a set of fuzzy spatiotemporal XML data trees F as input, applies a given condition to each element node and attribute node, and returns an entire set of the selecting trees, which is not only the content of required result, but also the structure of objective trees.
Definition 12 (F-Selection): Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π ) is a fuzzy spatiotemporal XML data tree, if there is a predicate ρ, then we have the definition of F-Selection:
Here, the predicate ρ and the variable a are bound to a set of fuzzy spatiotemporal XML data trees, and function con (ρ, a) is used for extracting the corresponding elements and attributes meeting the selecting condition.
Theorem 5: Suppose fuzzy spatiotemporal XML data trees f i (i = 0, 1, 2, . . . ) are results from the F-Selection on a fuzzy spatiotemporal XML data tree F, then we have f i ∼ = F.
Proof: As Definition 12 shown, it does not introduce new fuzzy spatiotemporal objects after F-Selection operation. Thus f i ∝ F, and then we have f i ∼ = F according to Theorem 3.
The fuzzy projection (F-Projection) operator π may be regarded as eliminating element nodes or attribute nodes other than specified in the fuzzy spatiotemporal XML data trees. In the substructure resulting from nodes elimination, we would expect the partial hierarchical relationships between surviving nodes that existed in the input trees to be preserved.
Definition 13 (F-Projection): Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π) is a fuzzy spatiotemporal XML data tree, if there is a fuzzy projection function κ, then we have the definition of F-Projection:
Theorem 6: Suppose π κ (F) and π κ (F) are results from the F-Projection on a fuzzy spatiotemporal XML data tree F = (V , ψ, T , , ℘, τ, ξ, δ, π ). If a℘a , then we have κ(a)℘κ(a ).
Proof: As Definition 13 shown, the fuzzy projection operator is regarded as eliminating element nodes or attribute nodes, and preserves the same partial hierarchical relationships in the substructure resulting from F-Projection operation as before. Because ℘ preserves the order information in the fuzzy spatiotemporal XML data tree. Then we have κ (a)℘κ (a ) if a℘a , where a, a ∈ F.
The fuzzy join (F-Join) operator selects fuzzy spatiotemporal XML data trees meeting the stated predicate, and construct new fuzzy spatiotemporal XML data trees. It is the F-Selection from the Cartesian product of the fuzzy spatiotemporal XML data trees.
Definition 14 (F-Join):
Proof: According to the nature of fuzzy join, (f i θf j ) = σ (f i ∞f j ). By Theorem 4, f i ∞f j are fuzzy spatiotemporal XML data trees. Furthermore, by Theorem 5,
Fuzzy grouping (F-Grouping) operator can be used to represent subtree of fuzzy spatiotemporal XML data tree that aggregate or summarize information from a group of similar element nodes or attribute nodes.
Definition 15 (F-Grouping): Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π ) is a fuzzy spatiotemporal XML data tree, and gro (a, ρ) is a grouping function over the variable a bounding to a set of fuzzy spatiotemporal XML data trees under predicate ρ. Then the F-Grouping can be defined as:
Fuzzy ordering (F-Ordering) operator can be used to reorder the required element nodes or attribute nodes. The order function ord (a, ρ) is a function over the variable a bounding to a set of fuzzy spatiotemporal XML data trees under predicate ρ, which may be a scalar function such as avg. The default ordering is by the order of the first element in the original set of fuzzy spatiotemporal XML data tree.
Definition 16 (F-Ordering): Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π ) is a fuzzy spatiotemporal XML data tree, and gro (a, ρ) = {a|a ∈ F ∧ ζ (a, ℘, β) ⇐ ζ (a, ℘, α)} is a grouping function over the variable a under predicate ρ, where ζ : α → β. The F-Ordering can be defined as:
The Bind operator extracts fuzzy spatiotemporal data from an input tree according to a given filter, and produces a structure that contains the variable bindings resulting from the pattern matching.
Definition 17 (Bind): Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π) is a fuzzy spatiotemporal XML data tree, and bind (a, ρ) = {a|a ∈ F ∧ ζ (a, ρ, β) ⇐ ζ (a, ρ, α)} is a binding function over the variable a bounding to a set of fuzzy spatiotemporal XML data trees according to a given filter ρ. Then the Bind operator can be defined as:
The Tree operator is an inverse operation to the Bind operator, which is applied on Tab structures and returns a collection of trees conforming to some input pattern. It can be used to generate a new nested XML structure.
Definition 18 (Tree): Suppose F = (V , ψ, T , , ℘, τ, ξ, δ, π) is a fuzzy spatiotemporal XML data tree, and tree (a, ρ) is a treeing function over the variable a bounding to a set of fuzzy spatiotemporal XML data trees according to a given filter ρ. Then the Tree operator can be defined as:
In Fig. 4 , the Bind operator is applied on the tree representing the XML collection of position, with a filter that binds for each position its $x, $y, $Vx, $f Vx , $Vy, and $f Vy ; the Tree operator is applied on the result of the previous Bind, where F [$x, $y, $Vx, $f Vx , $Vy, $f Vy ] denotes the corresponding filter. The positions are grouped according to $Vx, with each subtree containing $f Vx at different temporal intervals.
V. ALGEBRAIC EQUIVALENCES AND OPTIMIZATION

A. EQUIVALENCES
Algebraic equivalences indicate that the results replacing the corresponding relations of the two expressions with the same relations are the same. In this section, several algebraic equivalences are presented. Then, strategies of reasonable sequence of operations are proposed.
Proposition 1: Let f 1 , f 2 be fuzzy spatiotemporal XML data trees, ρ s be the fuzzy selection predicate. Then we have:
Proposition 2: Let f 1 , f 2 be fuzzy spatiotemporal XML data trees, ρ p be the fuzzy projection predicate. Then we have:
Proposition 3: Let F be a fuzzy spatiotemporal XML data tree, ρ si (i = 1, 2, . . . , n) and ρ sj (j = 1, 2, . . . , n) be the fuzzy selection predicates. Then we have: (Bind(F) ).
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Proposition 4: Let F be a fuzzy spatiotemporal XML data tree, ρ pi (i = 1, 2, . . . , n) and ρ pj (j = 1, 2, . . . , n) be the fuzzy projection predicates. If {ρ pi }⊆{ρ pj }, then we have:proposition π ρpi (π ρpj (Bind(F))) = π ρpi∧ρsj (Bind(F)) = π ρpi (Bind(F)).
Proposition 5: Let F be a fuzzy spatiotemporal XML data tree, ρ si (i = 1, 2, . . . , n) be the fuzzy selection predicate, ρ pj (j = 1, 2, . . . , n) and ρ pk (k = 1, 2, . . . , n) be the fuzzy projection predicates.
• If ρ si is the fuzzy selection predicate on j, then we have: (Bind(F)) ).
• If ρ si is the fuzzy selection predicate on j and k, then we have:
Proposition 6: Let f 1 , f 2 be fuzzy spatiotemporal XML data trees, ρ si (i = 1, 2, . . . , n) and ρ sj (j = 1, 2, . . . , n) be the fuzzy selection predicates.
• If ρ s = ρ si , then we have:
• If ρ s = ρ si ∩ ρ sj , and ρ si is the fuzzy selection predicate on i, then we have:
σ ρs (Bind(f 1 )∞(Bind(f 2 ))) = σ ρsi (Bind(f 1 ))∞σ ρsj (Bind(f 2 )).
• If ρ si is the fuzzy selection predicate on i, and ρ sj is the fuzzy selection predicate on i and j, then we have:
Proposition 7: Let f 1 , f 2 be fuzzy spatiotemporal XML data trees, ρ pi (i = 1, 2, . . . , n) and ρ pj (j = 1, 2, . . . , n) be the fuzzy projection predicates, then we have:
Proposition 8: Let f 1 , f 2 be fuzzy spatiotemporal XML data trees, ρ s be the fuzzy selection predicate, ρ j be the fuzzy join restriction.
• If ∀a ∈ f 1 , b ∈ f 2 , ρ s (a ∨ b) = ρ s (a), then we have: σ ρs (Bind(f 1 )θ ρj (Bind(f 2 ))) = σ ρs (Bind(f 1 ))θ ρj σ ρsj f 2 .
•
σ ρs (Bind(f 1 )θ ρj (Bind(f 2 ))) = f 1 θ ρj σ ρs (Bind(f 2 )) . A proposition may be used in different strategies such as Proposition 5 because an input query may be enabling with reasonable sequence of operations by using selections before projections or projections before selection according to the practical applications.
VI. TRANSFORMATION OF XQUERY EXPRESSIONS
XQuery, which is the query language for XML data, is very rich in the variety of provided query expressions. In order to build complex queries, XQuery provides a query structure named FLWOR expressions, which corresponds to initials of keywords identifying the clauses of this kind of expressions ''for'', ''let'', ''where'', ''order by'', and ''return''. The basic structure of many queries is the FLWOR expression. 
Such a clause can be transformed into the following algebraic expression:
Definition 20: Suppose there is a ''for'' clause with multiple variable bindings:
where F is the input fuzzy spatiotemporal XML data tree, λ i , λ j (1 ≤ i ≤ n, 1 ≤ j ≤ n) are path expressions and γ i , γ j (1 ≤ i ≤ n, 1 ≤ j ≤ n) are conditions. Such a clause can be transformed into the following algebraic expression:
B. THE ''LET'' CLAUSE
A ''let'' clause may also contain a single or multiple variables. Unlike a ''for'' clause, a ''let'' clause binds each variable to the entire result of its associated expression without iteration. A ''let'' clause is transformed into an algebraic expression which returns a single tree.
Definition 21: Suppose there is a ''let'' clause with a single variable binding:
where F is the input fuzzy spatiotemporal XML data tree, λ i (1 ≤ i ≤ n) is a path expression and γ i (1 ≤ i ≤ n) is a condition. Such a clause can be transformed into the following algebraic expression: (Bind(''F'') ))))).
Definition 22:
Suppose there is a ''let'' clause with multiple variable bindings:
where F is the input fuzzy spatiotemporal XML data tree, λ i , λ j (1 ≤ i ≤ n, 1 ≤ j ≤ m) are a path expressions and γ i , γ j (1 ≤ i ≤ n, 1 ≤ j ≤ m) are conditions. Such a clause can be transformed into the following algebraic expression:
C. THE ''WHERE'' CLAUSE
An optional ''where'' clause contain one or more variables as well, which serves as a filter for the tuples of variable bindings.
Definition 23: Suppose there is a ''where'' clause with a single variable binding: where $iλ [γ ] , where F a is the algebraic expression representing the input fuzzy spatiotemporal XML data trees, λ is a path expression, λ i is a path expression that locates the nodes bound to the variable $i, and γ is a condition. Such a clause can be transformed into the following algebraic expression:
Definition 24: Suppose there is a ''where'' clause with multiple variable bindings: where
where F a is the algebraic expression representing the input fuzzy spatiotemporal XML data trees, λ i and λ j are a path expressions, λ i and λ j are a path expression that locates the nodes bound to the variable $i and $j, and γ is a condition. Such a clause can be transformed into the following algebraic expression:
D. THE ''ORDER BY'' CLAUSE
An ''order by'' clause sorts the result of FLWOR expressions. The transformation of an ''order by'' clause can be done using the previously defined ordering operator. The transformation of this clause is quite straightforward.
E. THE ''RETURN'' CLAUSE
A typical ''return'' clause specifies the result of the FLWOR expression, which can be transformed using the tree construction operator. Sometimes a FLWOR expression can be nested inside a ''return'' clause. Definition 25: Suppose there is a ''return'' clause, F is the input fuzzy spatiotemporal XML data tree, E is an expression that can represent the internal ''for'', ''let'', ''where'', and ''order by'' clauses.
• If there is no nested clause in the ''return'' clause, then we have:
TreeF root ( * )( λ i (π λ (Bind(''F'')))).
• If there are nested clauses in the ''return'' clause, then we have:
Tree(E(result)θF root ( * )( λ i (π λ (Bind(''F''))))).
F. EXAMPLE
In this subsection, we will give a specific description of the fuzzy spatiotemporal XML query processing according to the definitions of fuzzy spatiotemporal XML algebraic VOLUME 7, 2019 operations presented before. We use the spatiotemporal XML document in our previous work [21] to investigate how to express the fuzzy spatiotemporal XML query. For convenience, we only use the nature language to express the fuzzy XML queries. In fuzzy spatiotemporal XML data trees, there may be the same name of element and attribute. In order to specify the element and the attribute, we use ''$'' to express XML element, and ''#'' to represent XML attribute. Query 1: Return the name of a cloud, whose density is ''thick'' and the ''Poss'' more than 0.7.
According to Definition 12, 17, 18, we have
Query 2:
Return the name and density of clouds, whose area is larger than 100 (km 2 ) in Shenyang. At the same time, the clouds belong to Wiz Khalifa.
According to Definition 12, 13, 14, 17, 18, we have Tree answer ((/cloud/$c),
] ( π/ covered cities (Bind (cities)))). Fig.5 shows a simplified, yet substantially expressive, fragment of description of the fuzzy spatiotemporal algebraic operations. Our algebra is well defined and powerful enough to capture the semantics of XQuery.
VII. EXPERIMENTS A. EXPERIMENTAL SETTING
We implemented all the evaluations in C++ on Microsoft Visual Studio 10.0, and performed on a Windows 7 system with 3.2 GHz i7 processor with 4 GB RAM. We used two data sets for experimental evaluations. The first data set is the generated FXMark data set [27] , stemming from the well-known XMark data set [28] . The second data set is a synthetic data set (abbr. Random), which contains fuzzy spatiotemporal node labels.
For each data set, we select representative queries for evaluations. Table 1 shows the queries used in the experiments.
B. EXPERIMENTAL RESULTS
In the first group of experiments, we evaluate the correctness. The evaluations are composed of Q1 to Q8 shown in Table 1 , with their expected results according to the XQuery semantics. Table 2 shows the experimental results of query algebra and optimized query algebra over the two data sets. Because there are no spatiotemporal node labels in FMark, evaluations are only performed on Q1 and Q5 over FMark. It can be observed from Table 2 that the precision of each query over the two data sets are all 100%. An immediate observation from Table 2 is that our algebra does preserve the semantics of the queries.
In the second group of experiments, we evaluate the effectiveness. The experiments are conducted to evaluate the relative reduction of document size in file and the relative reduction of document size in memory. 6 shows the average size percentage of the size of the original document. We report results over both FMark and Random data sets. An obvious observation from Fig. 6(a) and Fig. 6 (b) is that the algebra and the optimized algebra can reduce the document size in file over both FMark and Random. What's more, the optimized algebra reduces more document size than algebra. Specifically, in Fig. 6(b) , it can be observed that Q8 reduces the most document size in file and Q1 reduces the least document size in file. This can be explained by the fact that the more fuzzy spatiotemporal node labels are (temporal, spatial, or fuzzy node labels) the more document size reduce. For this reason, Q8 reduces the most document size in file because it contains fuzzy, spatial, and temporal node labels. Q4 reduces the second most document size in file because it contains spatiotemporal (spatiotemporal, spatial or temporal) node labels. Q2 and Q3 reduce almost the same document size in file because Q2 contains temporal node labels and Q3 contains spatial node labels. Actually, Q3 reduces slightly more document size in file than Q2 for the reason that there are more cases in spatial node labels than that in temporal node labels. The same circumstances are Q6 and Q7. Furthermore, Q6 and Q7 reduce slightly more document size in file than Q2 and Q3 owing to the additional fuzzy node labels. Q5 reduces more document size in file than Q1 because of the additional fuzzy node labels. Circumstances are analogous for Q1 and Q5 in Fig. 6(a) . Fig. 7 shows the average memory usage as percentage of memory used for the original document. It can be observed that the memory usage over FMark and Random is consistent with the size percentage of the size of the original document. Algebra and optimized algebra tend to use slightly more memory than their size due to their parsing and loading in fuzzy spatiotemporal XML documents.
In the last group of experiments, we evaluate the processing time. Fig. 8 shows execution time with different percentage of fuzzy nodes over FMark and execution time with different percentage of fuzzy spatiotemporal nodes over Random, shown in Fig. 8(a) and Fig. 8(b) . It can be observed that the execution time of the original query is less than the execution time using algebra and optimized algebra when the percentage of fuzzy (spatiotemporal) nodes is small; the execution time of the original query is more than the execution time using algebra and optimized algebra when the percentage of fuzzy (spatiotemporal) nodes becomes large. Furthermore, the execution time using algebra is less than the execution time using optimized algebra when the percentage of fuzzy (spatiotemporal) nodes is small; the execution time using algebra is more than the execution time using optimized algebra when the percentage of fuzzy (spatiotemporal) nodes becomes large. This might look surprising, but can be explained by the parsing and loading time in fuzzy (spatiotemporal) XML documents. On the other hand, the execution time over Random outperforms that over FMark. This can be explained by the fact that there is a great deal of fuzzy spatiotemporal nodes in Random. What's more, the execution time over FMark and Random is consistent with the size percentage of the size of the original document shown in Fig. 6 and the memory usage as percentage of memory used for the original document shown in Fig. 7 .
It is noted that the execution time are the average execution time of Q1 to Q8. Actually, the execution time of Q1 to Q8 has different performances. In order to find their differences, we perform evaluations of their execution time over FMark shown in Fig. 9(a) and over Random shown in Fig. 9(b) . We can observe that the execution time over FMark and Random is consistent with the size percentage of the size of the original document shown in Fig. 6 and the memory usage as percentage of memory used for the original document shown in Fig. 7 . Algebra and optimized algebra cost less execution time, while optimized algebra consumes less execution time than algebra. In other words, using the optimized algebra can speed up query processing.
As a conclusion, performances can be improved using the proposed algebra, specially the optimized algebra. The more fuzzy spatiotemporal nodes are, the higher performances improve.
VIII. COMPARATIVE STUDY
In this section, we compare corresponding approaches with our work in terms of supported elements. By comparing with respect to other relational algebra and XML algebra, advantages of our work can be observed. Comparing details between corresponding approaches and our work in terms of supported elements are shown in Table 3 .
Comparing corresponding approaches with our work in terms of their supported elements we conclude that the approaches [3] , [10] , [20] have adequate support for measures in spatial and temporal elements. However, their capabilities to support all measures in algebra are limited. In addition, the approach [3] support fuzziness, while the approaches [10] , [20] do not. The approaches [16] , [17] , [24] , [25] do not support measures in spatial elements, temporal elements, and fuzziness. However, they have capabilities to support algebra. For example, the approaches [16] , [25] have adequate support for algebraic operators, but their efforts are not extended to algebraic equivalences and transformation of XQuery expressions. The approach [24] has adequate support for algebraic operators and algebraic equivalences, but their efforts are not extended to transformation of XQuery expressions. The approach [17] has adequate support for algebraic operators and transformation of XQuery expressions, but their efforts are not extended to algebraic equivalences. Finally, the approach [8] has adequate support for all measures in algebra and fuzziness, yet their capabilities to support spatial and temporal elements are limited.
Accordingly, to the best of our knowledge, there are no researches concentrating on fuzzy spatiotemporal algebraic operations in XML. Our paper aims at filling this gap.
By comparisons, our work has adequate support for all measures in not only fuzzy spatiotemporal elements but also algebraic elements. Compared with their work, our model and algebra are well defined and powerful enough to support tree patterns, order-sensitive fuzzy spatiotemporal XML queries.
IX. CONCLUSION
We have proposed a fuzzy spatiotemporal XML data model and presented an algebra for manipulating fuzzy spatiotemporal XML data. In spite of the complex structure of the trees involved, the algebra has a couple of operators using the same basic structure for their parameters. In addition, the algebra is able to handle existence of order within a tree. Furthermore, we also introduce several formal characterizations of fuzzy spatiotemporal algebraic equivalences, and study how XQuery expressions can be transformed into algebraic expressions.
Algebraic operations on fuzzy spatiotemporal data in spatiotemporal applications provide basic foundations for spatiotemporal XML data management. To query the eligible information, we need to know the appropriate input and output formats. Our primary purpose in defining it is to use it as the basis for query evaluation and optimization, which are also our future work.
